CHAPTER II

REAL NUMBERS

The material in this chapter is completely classical; the main difference
with most treatments of the real numbers is that their properties are here
derived from a certain number of statements taken as axioms, whereas in
fact these statements can be proved as consequences of the axioms of set
theory (or of the axioms of natural integers, together with some part of set
theory, allowing one to perform the classical constructions of the " Dedekind
cuts" or the "Cantor fundamental sequences"). These proofs have great
logical interest, and historically they helped a great deal in clarifying the
classical (and somewhat nebulous) concept of the "continuum". But they
have no bearing whatsoever on analysis, and it has not been thought necessary
to burden the student with them; the interested reader may find them in
practically any book on analysis; for a particularly lucid and neat description,
see Landau [16].

1. AXIOMS OF THE REAL NUMBERS

The field of real numbers is a set R for which are defined: (1) two mappings
(x,y)-*x + y and (x,y)-+xy from R x R into R; (2) a relation jc < j;
(also written y ^ x) between elements of R, satisfying the four following
groups of axioms:

(I)   R is afield, in other words:

(1.1)   x + (y + z) = (x + y) + z;

(1.2)   x + y = y + x;

(1.3)    there is an element 0 e R such that 0 + x = x for every x e R;
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